Abstract. Topological quantum field theories are interpreted as a generalized form of Morse theory. This interpretation is applied to formulate the simplest topological quantum field theory: topological quantum mechanics. The only non-trivial topological invariant corresponding to this theory is computed and identified with the Euler characteristic. Using field theoretical methods this topological invariant is calculated in different ways and in the process a proof of the Gauss-Bonnet-Chern-Avez formula as well as some results of degenerate Morse theory are obtained.
Introduction
Topological quantum field theories [1, 2, 3] may provide a very useful tool in analyzing some mathematical problems and in describing a possible unbroken phase of string theory. The essential feature of topological quantum field theories is that they possess a symmetry which leads to the formulation of possibly non-trivial topological invariants. Due to the presence of this symmetry, which will be called Qsymmetry, there are no physical excitations. Commuting bosonic degrees of freedom cancel against anticommuting bosonic degrees of freedom, leaving only zero modes which give rise to topological invariants. This Q-symmetry, as well as the content of the theory resembles the BRST quantization of some theory. Typically, topological quantum field theories consist of commuting bosonic fields and anticommuting bosonic ones making an appearance very similar to the one in the BRST quantization of a classical bosonic theory. Furthermore, the operator corresponding to the Q-symmetry is anticommuting and squares to zero at least in some subspace of field configurations. Ever since topological quantum field theories were created it was believed that these theories might correspond to a BRST quantization of an underline gauge invariant theory.
Canonical BRST-quantization methods have been used [-4, 5 ] to make contact with topological Yang-Mills theory [1] . In these cases, starting with a trivial action (either a gaussian, zero, a topological invariant, or 137), and BRST-gauge-fixing deformations of the gauge potential modulo gauge transformations, a formulation very close to the one in ref.
[1] was obtained. However, although close, the resulting theory and topological Yang-Mills are not equivalent. There are two reasons for this. First, the chosen "gauge fixing" leads to several Gribov copies (arguments leading to this conclusion can be found in [1, 6] ) and so it is not really a "gauge fixing." Actually, it is because there are these Gribov copies that topological field theories are interesting and, in fact, that is the basis of the interpretation of these theories in terms of generalized Morse theory presented in this paper. Second, the observables of topological Yang-Mills, once the Yang-Mills gauge symmetry is fixed [7] (if one ignores for the moment possible Gribov ambiguities [8]) are not trivial and, in fact, are in correspondence with the Donaldson invariants [9] as shown in [1] . However, the observables of the theories presented in [4, 5] are trivial. For a recent analysis of this question see [10] . The Q-symmetry in this theory does not correspond to a BRST symmetry and it has a nature similar to supersymmetry in a supersymmetric Yang-Mills theory (as one could have concluded from the fact that topological Yang-Mills can be constructed from a truncated N = 2 supersymmetric Yang-Mills theory [1]). In this sense, the quantization of topological Yang-Mills proposed in [7] seems to be the right one.
Similar arguments lead to the same conclusion in the case of topological sigma models [3] . The resemblance of topological quantum field theory to trivial theories in a BRST-quantized form may, however, be used to formulate new topological quantum field theories. This has been treated without much success for the moment for the case of topological gravity in four [ t l ] and in two [12, 13] dimensions.
In this paper it is conjectured that topological quantum field theories can be interpreted as a generalized form of Morse theory. This correspondence is shown in full detail for the case of topological quantum mechanics which seems to be the simplest of such theories. A similar construction can be carried out to formulate topological Yang-Mills and topological sigma models. The connection with generalized Morse theory allows us to find out the general pattern of a topological quantum field theory and permits, in principle, its construction.
The only non-trivial topological invariant in topological quantum mechanics corresponds to the Euler characteristic. Using methods of quantum field theory one can show the invariance of the observables of the theory under continuous deformations of the potential. This allows us to obtain a proof of the Gauss-BonnetChern-Avez formula. In addition, making a deformation of the potential to other adequate choices, we obtain results corresponding to ordinary degenerate Morse theory. This shows how powerful this type of theory can be from a mathematical point of view.
The paper is organized as follows. In Sect. 2 the generalized form of Morse theory is conjectured. In Sect. 3, it is applied to the case of topological quantum mechanics and its topological invariants are computed. Finally, in Sect. 4, we state our conclusions analyzing the general characteristics of topological quantum field theories and listing some of the possible theories.
Morse Theory
In this section we will briefly review the elements of Morse theory [14] which will be utilized in the paper and we will conjecture their generalization. In the next section
